Let H be a subgroup of Sym n
Introduction
Motivated by a general interest in finitely presented algebras with homogeneous defining relations, in [1] , the authors initiated the study of the monoid algebras K[S n,l (H)], where l ≥ 2 is an integer and H is a subgroup of Sym n and S n,l (H) is the monoid presented with generators x 1 , x 2 , . . . , x n and with relations x i 1 x i 2 · · · x i l = x σ(i 1 ) x σ(i 2 ) · · · x σ(i l ) , for all i 1 , i 2 , . . . , i l ∈ {1, 2, . . . , n} and all σ ∈ H. In the present article, we obtain further results on algebras of this type. Let G n,l (H) be the universal group of S n,l (H), that is the group presented with the "same" generators and relations. Recall that a subgroup H of Sym n is semi-regular if the stabilizer of i in H is trivial for all i ∈ {1, 2, . . . , n}. In [1, Theorems 2.3 and 2.5] it is shown that S n,l (H) is cancellative if and only if H is semi-regular and abelian, and in this case S n,l (H) embeds in G n,l (H). For simplicity, we will denote S n,l (H) by S, and G n,l (H) by G.
In Section 2, we prove that, for arbitrary H, the group G has a free subgroup of finite index. A similar result for S was obtained in [1] . In Section 3, we show that the Jacobson radical, J (K[G]), is nilpotent. We also prove that if H is transitive, then K[G] is a Noetherian PI-algebra, and the Gelfand-Kirillov dimension and the classical Krull dimension are both equal to 1. In Section 4, we show that if H is semi-regular and abelian, then
where M is a normal subgroup of finite index of G. This is a generalization of [1, Theorem 3.1] , in that the assumption that H is transitive is removed.
Groups G n,l (H) defined by permutation relations
For a subgroup H of Sym n and an integer l ≥ 2, let S n,l (H) = x 1 , x 2 , . . . ,
. . , i l ∈ {1, . . . , n} . We consider the universal group G n,l (H) with the same presentation as S n,l (H). In [1] , it was shown that if H is not abelian, then S n,l (H) is not embedded in G n,l (H).
Lemma 2.1 In G n,l (H) the following equalities hold for an integer u ≥ 1:
Proof. Let z be the smallest integer such that zl > u. Because of the defining relations of S n,l (H), in its universal group for all σ ∈ H we have
. Therefore
and hence
The other equality can be proved similarly.
Lemma 2.2 In G n,l (H) the following equalities hold:
where j ∈ {1, 2, . . . , n} and σ 1 , . . . , σ l ∈ H.
Proof. By the defining relations of G n,l (H) and Lemma 2.1, we have
. . .
, and the first equality is proved. Now applying the first equality for σ l σ
and thus the second equality follows.
Theorem 2.3
Assume that the different orbits under the action of H are X k 1 , X k 2 , . . . , X kr , where X k denotes the orbit of k, and k 1 = 1. Then the subgroup F of G n,l (H) generated by x 1 , x k 2 , . . . , x kr is free of rank r, and for every g ∈ G n,l (H), there exist w ∈ F and σ 1 , σ 2 , . . . , σ l−1 ∈ H such that
The second relation in the presentation ofḠ implies the first, andḠ = gr(X k 1 , X k 2 , . . . , X kr ) is a free group of rank r. Consider the natural epimorphism π : G →Ḡ. If there was a non-trivial relation in G, of type w = 1 with w a reduced word in {x
kr }, then we would have π(w) = 1, a contradiction becauseḠ is a free group. Thus the first part of the result follows.
For the second part, we will use induction on the length of the reduced words in {x and for length 1, according to Lemma 2.1 and the defining relations, we have
Let s ≥ 1 and assume the result is true for all g ∈ G such that the length of some reduced word in {x
be a reduced word with ǫ u ∈ {1, −1}, j u ∈ {1, k 2 , . . . , k r } and σ u ∈ H, for 1 ≤ u ≤ s + 1. By induction hypothesis there exist w ∈ F and τ 1 , . . . , τ l−1 ∈ H such that
Now by Lemma 2.2, the result follows.
The algebra K[G n,l (H)]
In this section we study the algebraic structure of the group algebra K[G n,l (H)] over a field K, for any subgroup H of Sym n . We denote G n,l (H) by G. 
Theorem 3.2 (a) If H is transitive, then K[G] is a Noetherian PI-algebra and
GKdim(K[G]) = 1 = clKdim(K[G]).
The algebra K[S n,l (H)]
In this section, we obtain a generalization of [1, Theorem 3.1].
To do so, we recall Lemma 2.2 and Theorem 2.5 of [1] . The first part is the monoid version of Theorem 2.3. Proposition 4.1 Let H be a subgroup of Sym n . Then S = S n,l (H) contains a free submonoid FM, with basis {x 1 , x k 2 , . . . , x kr } (one element from each orbit on the generating set), and a finite subset T such that S = t∈T FM t = t∈T t FM. If, furthermore, H is abelian and semi-regular, then S is a submonoid of its universal group G = G n,l (H).
Recall that a semigroup P is said to be right reversible if P a ∩ P b = ∅ for all a, b ∈ P .
We need the following elementary technical lemma.
Lemma 4.2 A right reversible submonoid of a free monoid is contained in a cyclic group.
Proof. Let B be a right reversible submonoid of a free monoid FM. Let |x| denote the length of x in a chosen basis X of the free monoid FM. Let s, t ∈ B. Then Bs ∩ Bt = ∅. Thus as = bt for some a, b ∈ B. Because FM is free, it follows that if |s| ≥ |t|, then s = vt for some v ∈ FM. In particular, if x, y ∈ B and |x| = |y|, then x = y.
Clearly, there exist positive integers n and m such that |s n | = |t m |. Since s n , t m ∈ B, it follows that s n = t m .
Let FG denote the free group with basis X . Consider the group C = s, s −1 , t, t −1 ⊆ FG. Because a subgroup of a free group is free, we get that C is a free group of rank at most two. As s n = t m , the rank has to be one and thus C is cyclic. So, any two elements of B commute and thus B generates an abelian subgroup in the free group in FG. So, this group is cyclic.
Because of Theorem 2.3, G = G n,l (H) has a free subgroup of finite index. Let M be a normal subgroup of G that is of finite index and a free group. We claim that P ∩ M also is a right reversible monoid. Indeed, let s, t ∈ P ∩ M. Then P s ∩ P t = ∅ and thus p 1 s = p 2 t, for some p 1 , p 2 ∈ P . Hence, (p By Lemma 4.2, P ∩ M is contained in a cyclic subgroup of M. Let Q = P P −1 be the group of fractions of P . Then Q ∩ M is normal in Q and Q ∩ M is a cyclic group. Let p ∈ P . Clearly, p acts by conjugation on Q ∩ M. Since the latter is cyclic, this conjugation either is the trivial map or it maps an element to its inverse. Consequently, if f ∈ P ∩ M and p ∈ P , then pf = f −1 p or pf = f p. By a degree argument, the former is impossible. So pf = f p. Hence, P ∩ M is central in P and thus Q ∩ M = (P ∩ M)(P ∩ M) −1 is a central subgroup of Q of finite index. Actually the index is a divisor of m.
Hence Q is a finite conjugacy group, with an infinite cyclic central subgroup of finite index that is a divisor of m. By [7, Lemma 4.1.4] such a group has a finite normal subgroup, say N, such that Q/N is cyclic. Clearly, N is isomorphic to a subgroup of G/M and thus |N| is a divisor of m. Hence, by [7, Theorem 7. 
